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Let X be a hyperkahler manifold. Trianalytic sub- 
varieties of X are subvarieties which are complex an- 
alytic with respect to all complex structures induced 
by the hyperkahler structure. Given a 2-dimensional 
complex torus T, the Hilbert scheme classifying 
zero-dimensional subschemes of T admits a hyperkahler 
structure. A finite cover of is a product of T 
and a simply connected hyperkahler manifold 
called generalized Kummer variety. We show that for 
T generic, the corresponding generalized Kummer vari- 
ety has no trianalytic subvarieties. This implies that a 
generic deformation of the generalized Kummer variety 
has no proper complex subvarieties. 
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1. Introduction 

In Q Beauville has constructed two series of examples of compact hyperkahler 
manifolds. The first one consists of the Hilbert schemes Hilb of points on a K3 
surface. The second is the series of the so-called generalized Kummer varieties, 
one in each even complex dimension. A generalized Kummer variety is a 
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subvariety of the Hilbert scheme of n + 1 points on a 2-dimensional complex 
torus K, defined as a fiber of the Albanese map. 

Let M be a hyperkahler manifold. The hyperkahler structure induces a 
2-dimensional sphere of complex structures on M, called induced complex 
structures. A closed subset of M is called trianalytic if it is complex analytic 
with respect to all induced complex structures. 



In [V7| it wa s proved that the Hilbert scheme of points on a generic (in 



the sense of 2.8) K3 surface has no proper trianalytic subvarieties. In this 



paper we prove the same result for th e g eneralized Kummer varieties. Our 



methods are an adaptation of those of [ V7 1 , greatly simplified by the presence 



of a group structure on a complex torus. We hope that this paper may serve as 



an introduction to the more difficult situation of the K3 surface treated in V7 |. 

Let M be a compact hyperkahler manifold. For a generic induced complex 
structure on M, all complex analytic subvarieties of M are trianalytic. This 
implies that a generic deformation of a generalized Kummer variety has no 
complex subvarieties. 

1.1. Idea of the proof 

Here we give a rough sketch of the proof of our main result. The rest of this 
paper is independent from this Subsection. 

Consider a generalized Kummer variety K^ n \ To prove that K*- n ' has no tri- 
analytic subvarieties, we use the deformation theory of trianalytic subvarieties, 



developed in |V5 | 



Let M be a compact hyperkahler manifold and / an induced complex struc- 
ture. We denote by (M, /) the manifold M, considered as a Kahler manifold. 
The cohomology of M is equipped with a natural action of the group SU (2) (see, 



e. g. V3 ). Let X C (M,I) be a closed complex subvariety. In [V3] (see also 
Theorem 2.6), it was proven that X is trianalytic if and only if its fundamental 
class [X] is S'[/(2)-invariant. Since the fundamental class is deformationally in- 
variant, this implies that all complex analytic deformations of X are trianalytic. 
A slightly more evolved version of this argument (]V5||) implies that the defor- 
mation space of X C (M, I) is hyperkahler, and the union of all deformations 
of X C M is a trianalytic subvariety of M. If the subvariety X C (M, I) has no 
complex analytic deformations, it is called rigid. If M contains a proper triana- 
lytic subvariety X, then either M contains a proper rigid trianalytic subvariety 
X' (obtained as a union of all deformations of X), or M has a finite cover which 
is a product of two hyperkahler manifolds (see Proposition |3.1| ). A generalized 
Kummer variety is simply connected, and has dim H 2,U (K^) = 1. There- 
fore, it cannot have such a finite cover. We obtain that has a proper rigid 
trianalytic subvariety if has a proper trianalytic subvariety. 

The rest of the argument does not use the hyperkahler structure of K^ n \ but 
only uses the canonical holomorphic symplectic structure. It is well known that 
a hyperkahler manifold M is equipped with a canonical holomorphic symplectic 



structure (|Be|). A trianalytic subvariety X C (M, I) is non-degenerately 



symplectic, that is, the restriction of a holomorphic symplectic form from 
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(M, I) to X is non-degenerate outside of singularietes. Given a non-degenerately 
symplectic subvariety X C K^ n \we show that X is never rigid. Thus, X cannot 
be trianalytic. 

A generalized Kummer variety is canonically embedded into a Hilbert scheme 
which is a desingularization of the symetric power of a torus. Consider the 
corresponding map — > T^ n+1 ^ from the generalized Kummer variety to 
the n + 1-th symmetric power of a torus. We prove that, for X C a 
non-degenerately symplectic subvariety, the map X A n(X) is finite over the 
generic p oint of 7r(X). This is done using the basic properties of Hilbert schemes 
(Lemma |6.5| ). 

Consider the subvariety Y := tt~ 1 (7t(X)) c K^ n \ Over a generic point of 
tt(X), the map 77 : Y — > ir(X) is a locally trivial fibration. Using the group 
structure on T n+l , we show that this fibration admits a canonical flat connection 
with finite monodromy, i. e., a trivialization over a finite covering (Lemma 5.5). 
To simplify notations, we assume for the duration of the Introduction that 
this trivialization is defined globally over the generic part of tt(X). Denote 
by F the generic fiber of ir : Y — > tt(A). Let 7r(A)o denote the generic 
part of 7TpO, and Y := tt- 1 {tt(X) ). Then Y Q = F x ir(X) . Denote by 
r C F x tt (X) the closure of X (1 Yq in F x n(X) Then T is a correspondence 
between F and 7f(X) which is finite over generic points of 77(X). Given that X is 
irreducible, we obtain that Y is also irreducible. Assume now that the complex 
structure on the torus T is Mumford-Tate generic (|2.S|). Then, by Theorem 
2.6, all complex subvarieties Z C T n+1 are trianalytic. Trianalytic subvarieties 
are hyperkahler in the neighbourhood of every smooth point. Therefore, the 
dimension dimcZ is even. We obtain that the variety tt(X) has no complex 
subvarieties of codimension 1. Consider the natural projection p : Y — > F. Let 
C be a family of divisors passing through every point of F. Unless p(F) is a single 
point, for each point x G T there exists a divisor C x S C such that p~ 1 (C x ) is a 
subvariety of codimension 1 in L which passes through x. By construction of T, 
the natural projection p 1 : Y — > 7r(X) is finite over generic point of 7r(A). Taking 
iET generic, we obtain that the projection p'(p~ 1 (C x )) of the divisor p~ 1 {C x ) 
to 7r(X) has codimension 1 in 7r(X). This gives a contradiction. Therefore, p(Y) 
is a single point. We obtain that X C Y is the closure of a trivial section of a 
trivial fibration 77 : Yq — ► 7t(X)q. Such a section is determined by the choice of 
/ G F. Varying the choice of /, we obtain a deformation of X. Since X is rigid, 
the map 77 : 77^ 1 (t7(X)) — * 77(X) is generically finite. The fiber 7r _1 (7r(X)) is 
a product of punctual Hilbert schemes (Lemma |s~5| ). Therefore, 7r _1 (7r(X)) is 
connected, and consists of a single point. We obtain that X is an irreducible 
component of the subvariety 7r _1 (7r(A)) C K^ l \ Therefore, X is rigid if and 
only if 77{X) is a rigid subvariety of w(K^) C T {n+1 \ 

Consider the natural action of T on T(" +1) . Let X' C T^ 1 ) be a subvariety 
obtained as a union of i(7r(X)), for all t G T. Clearly, if 7r(X) is rigid in 77{K^), 
then A' is rig id in T {n+1 \ To prove that K ^ has no trianalytic subvarieties it 
remains to study rigid subvarieties in T^ n+1 \ 

Let a : T n+1 -> be the natural quotient map. Consider the variety 

D := (T^ 1 {X I ). Since T n+1 acts on itself by holomorphic automorphisms, the 
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variety D is never rigid. Denote by t(D) a deformation of D, associated with 
t G T n+1 . By diagonals of T n+1 we understand subvarieties given by equations 
of type Xi = xj (see (4.1)). Unless D is a diagonal, a(t(D)) C T(™ +1 ) is a 
deformation of X', for appropriate t G y™+!. Therefore, all rigid subvarieties 
of T^" +1 ^ are diagonals. Since the map tt : tt^ 1 (tt(X)) — > 7r(X) is generically 
finite, 7r(X) does not lie in the union of diagonals of T^ n+1 \ Therefore, X' is 
not a diagonal. We obtain that tt{X) is not rigid in T^ n+1 \ and hense X is not 
rigid in if M. This gives a rough idea of the proof of our result. 



2. Definitions and the statement of the theorem 

2.1. Recall that a hyperkahler manifold M is a Riemannian manifold equipped 
an action of the quaternion algebra H in its tangent bundle such that this action 
is smooth and parallel with respect to the Levi-Civita connection. For excellent 



introductions to hyperkahler manifolds, we refer the reader to [Be] and | HKLR |. 

Let M be a hyperkahler manifold. Every quaternion h G H with h 2 = — 1 
induces an almost complex structure on M. It is well-known that all these 
almost complex structures are integrable. We call them the induced complex 
structures. The set of induced complex structures is naturally identified with 
the complex projective line CP 1 . For every I G CP 1 , we denote by M/ the 
manifold M equipped with the corresponding induced complex structure. 
2.2. Every hyperkahler manifold M with any induced complex structure Mi 
is canonically holomorphically symplectic. Therefore if M is compact, then 
dim H 2:0 (Mi) > 1. A simply connected compact hyperkahler manifold M with 
dim H 2 '°(Mi) = 1 is called simple. By a theorem of Bogomolov [Bo], every 



compact hyperkahler manifold has a finite covering which splits into a product 
of several simple hyperkahler manifolds and a complex torus. 

A compact hyperkahler manifold of complex dimension 2 is either a complex 
torus T, or a K3 surface M. Of these, only the K3 surfaces are simple. For 
every n > 1, examples of simple compact hyperkahler manifolds of complex 
dimension In were constructed by Beauville in (b| . 

2.3. In this paper we study one of the two classes of hyperkahler manifolds 
introduced by Beauville, namely, the so-called generalized Kummer varieties. 
For the convenience of the reader, we reproduce here their definition and main 
properties. 

Let T be a complex torus of dimension k. Consider the Hilbert scheme 
y[n+i] f n _|_ i p i n ts on T. This is a complex variety of dimension k(n + 1). 
The commutative group structure on the torus T defines a summation map 
E : T n+1 -> T, which induces a summation map S : T^ 1 ! -> T. 
Definition. The generalized Kummer variety associated to the torus T is 
the preimage S _1 (0) C T^ n+1 ^ of the zero G T of the group structure on the 
torus T. 

2.4. Assume that the complex torus T is 2-dimensional. In this case the Hilbert 
scheme T^"" 1 " 1 ! is smooth. The Kummer variety associated to T is also 
smooth. Moreover, it is simply-connected, and dim H 2 '°(K M) = 1. 
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Assume further that the torus T is equipped with a hyperkahler structure. 
The holomorphic 2-form associated to the hyperkahler structure on the torus T 
defines a canonical non-degenerate holomorphic 2-form on the Hilbert scheme 
ji[n+i]_ xhis form gives by restriction a holomorphic symplectic form fl on 
the Kummer variety K^. Therefore the canonical bundle of the complex 
manifold is trivial. By the Calabi-Yau Theorem Jy|, every Kahler class 
a G i/ 1 ' 1 (_ft'[ n l) contains a unique Ricci-flat metric. By H, every one of these 
metrics together with the form defines a hyperkahler structure on the Kum- 
mer variety K^ n \ The Kummer variety equipped with any of these hyperkahler 
structures is a simple compact hyperkahler manifold. 

Caution. There is no canonical choice for a Kahler structure on the manifold 
Kl n } _ Therefore, unlike the holomorphic symplectic form, the hyperkahler struc- 
ture on the Kummer variety K<- n ' is not defined by the hyperkahler structure 
on the torus T. 

2.5. We now recall some general facts on hyperkahler manifolds introduced in 



[VI], |V3| and [V6|. Let M be a hyperkahler manifold, and let X C M be a 



closed subset. 

Definition. (|V3|) The subset IcMis called trianalytic if it is analytic for 
every induced complex structure I on M. 

2.6. Recall that every analytic subset X C Y of dimension k in a compact 
complex manifold Y of dimension n defines a canonical homology class [X] £ 
H2k(Y 1 C) called the fundamental class of the subset X. Using the Poincare du- 
ality isomorphism H2k{Y, C) = H 2n - 2k (Y, C), we can consider the fundamental 
class [X] as an element of the cohomology group H 2n ~ 2k (Y, C). 

Assume that the hyperkahler manifold M is compact. The H-action in the 
tangent bundle to M induces a canonical SU (2)-action in de Rham algebra of 



the manifold M. By [VI], this action commutes with the Laplacian and induces 
therefore an SU (2)-action in the cohomology H' (M, C). The following criterion 
for trianalyticity is proved in JV3| ] . 

Theorem (Trianalyticity criterion). Let I be an induced complex structure 
on M , and let N C Mi be a closed analytic subvariety of the complex manifold 
Mj. Let [N] £ H'(M,<C) be the fundamental class of the subvariety N. Then 
N is trianalytic if and only if the cohomology class [N] is SU (2) -invariant. 

2.7. Trianalytic subvarieties in hyperkahler manifolds have many special prop- 
erties. Of these, the most important to us will be the following theorem proved 
in 



[V6 



Desingularization Theorem. Let X C M be a trianalytic variety in a com- 
pact hyperkahler manifold M , and let L be an induced complex structure on M . 

The normalization X — » Mi of the complex- analytic subvariety X C Mi is 
smooth, and the canonical projection X — » M induces a hyperkahler structure 
on the smooth manifold X . 

2.8. The goal of this paper is to study trianalytic subvarieties in the Kummcr 
variety associated to a generic hyperkahler torus of complex dimension 2. The 
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notion of genericity appropriate for our purposes is the following one, introduced 
in 



[V7| 



Definition. Let X be a compact hyperkahler manifold. An induced complex 
structure / on X is called Mumford- Tate generic with respect to the hyperkahler 
structure if for all n > 0, every cohomology class 

a e 0i? p ' p (X; l )p|i7 2p (X",Z) C H'(X n ,C) 

v 

is invariant under the canonical SU (2)-action. 



As proved in [ V2 ] , for every compact hyperkahler manifold X all the induced 
complex structures on X except for a countable number are Mumford- Tate 
generic. If an induced complex structure J on a hyperkahler manifold X is 
Mumford- Tate generic, then it is obviously also Mumford- Tate generic on any 



power X of the manifold X. Moreover, by the Trianalyticity Criterion of [V3| 
every complex-analytic subvariety Y C X\ is trianalytic and, in particular, 
even-dimensional. 

2.9. We can now formulate our main result. 

Theorem. Let T be a 2- dimensional complex torus equipped with a hyperkahler 
structure. Assume that the complex structure on T is Mumford-Tate generic, 
and consider a generalized Kummer variety associated to T. 

For any hyperkahler structure on compatible with the canonical holo- 

morphic 2-form, every irreducible trianalytic subvariety X C K^ n ' is either the 
whole K^ 71 ' or a single point. 



The proof of Theorem 2.9 takes up the rest of this paper. 



2.10. We finish this section with the following corollary of Theorem |2 

Corollary. Assume that the Kummer variety is equipped with a complex 

structure I which is Mumford-Tate generic with respect to some hyperkahler 
structure on K^ 71 ' compatible with the canonical holomorphic 2-form. 

Then every irreducible analytic subvariety X C Kj^ is either the whole 
or a single point. 

Proof. Indeed, by Theorem |2.6| , every analytic subvariety in is trianalytic. 
□ 

Caution. No matter which hyperkahler structure on the Kummer variety 
we take, the standard complex structure on which comes from the embed- 
ding C T[' i+1 l into the Hilbert scheme of the torus T is not Mumford-Tate 
generic. 



3. Reduction to the case of rigid subvarieties 

3.1. In this section we give our first reduction of Theorem ^J^. Namely, call a 
subvariety X C Y in a complex variety Y rigid if it admits no local deformations. 
In this section we prove the following. 
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Proposition. Let Y be a complex manifold of dimension n equipped with some 
hyperkdhler structure. Assume in addition that the manifold Y is simply con- 
nected and that dim H 2 '°(Y) = 1. 

If the manifold Y admits a subvariety X C Y of dimension k, < k < n, 
which is trianalytic with respect to the hyperkdhler structure on Y , then it also 
admits a rigid subvariety of dimension m, k < m < n, trianalytic with respect 
to the hyperkdhler structure on Y . 

All the generalized Kummer varieties K<- n > ar e simply connected and have 
dim H 2 '°(K^ n ') = 1. Thus to prove Theorem 2.9 it suffices to prove that for a 



generic torus T the associated Kummer variety K'-"' has no proper rigid subva- 
rictics trianalytic with respect to some hyperkahler structure. 



3.2. Before we prove Proposition 3.1, we need to recall several facts about 



moduli spaces of subvarieties in a complex manifold. Let Y be a compact 
complex manifold, and let a € H' (Y, C) be a cohomology class of the manifold 
Y. Douady Q had constructed a moduli space S(Y, a) of complex subvarieties 
in Y with fundamental class a. The Douady moduli space is equipped with the 
family X — + S(Y, a) and the universal map X — > Y which coincide near every 
point s £ S(Y, a) with the universal family provided by the local deformation 
theory. If the manifold Y is Kahler, the Douady moduli space S(Y, a) is compact 
(©,'§)■ 



3.3. The proof of Proposition p.l| is based on the following general fact. 

Proposition. Let X and Y be compact hyperkdhler manifolds. Assume given 
an immersion f : X — > Y which is an embedding on a dense open subset and 
compatible with the hyperkdhler structure. Fix a complex structure I on Y . Let 
[f(X)] be the fundamental class of the analytic subset f(Xi) C Yj 7 and let 
S = S(Yi, [f(X)]) be the Douady moduli space of complex subvarieties in Yj 
with fundamental class [f(X)]. 

Then the complex- analytic space S is a compact smooth hyperkdhler man- 
ifold. Moreover, the total space X of the universal family X — > S is also a 
smooth hyperkdhler manifold, and the canonical map X — > Y is an immersion 
compatible with the hyperkahler structure. Finally, the projection S — > S carries 
a canonical flat holomorphic connection. 



3.4. The proof of Proposition 3.3 begins in |3.5| and takes up the rest of this 



section. However, first we deduce Proposition 3.1 from Proposition 3.3. Indeed, 
assume given a trianalytic subvariety Xq C Y in a complex variety Y equipped 
with some hyperkahler structure. Consider the normalization X — > Xq of the 



analytic subvariety Xq C Y. By the Desingularization Theorem of \Vt\ the 
normalization X — » Xq is a smooth hyperkahler manifold, and the map X — > Y 
is a trianalytic immersion. Moreover, it is an embedding outside of the preimage 



in X of the subset of singular points of Xq. Therefore Proposition 3.3 applies 
to X — > Y. Hence the universal family X = X x S of deformations of X — > Y 
is a smooth hyperkahler manifold, and the canonical map / : X — > Y is an 
immersion. 
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Since X is compact, the image /(X) C Y is a trianalytic subvariety, and 
X — > V is the normalization of the subvariety f(X) C y. We claim that the 
subvariety /(X) C 7 is rigid. Indeed, by |V5| every deformation X' — > y 
of X — » y is a hyperkahler manifold isometric (hence isomorphic) to X. In 
particular, we have a fibration X' = X — » 5, and for every point s £ 5 the fiber 
X^ — > y of this fibration over the point s is a deformation of the corresponding 
fiber X s — > y of the family X — > 5. Consequently the family X' — > y is a 
family of deformations of X — * y. Since the family X — » y is universal, we 
must have X' = X. Therefore the subvariety /(X) C Y is rigid. 



To prove Proposition 3.1, it remains to show that dimX is strictly less than 



Indeed, assume that dimX = n, so that the immersion / : X — » Y is 



etale. By Proposition 3.3 the fibration f : X —> S carries a flat holomorphic 
connection. Since its fibers are compact, we can take a finite cover S' —> 5 such 
that the pullback X x 5 5' splits into a product 

X x s S' ^X x S'. 

Since the manifold Y is by assumption simply connected, the etale map X x 
5' — > y is an isomorphism. But by assumption both X and 5' are compact 
hyperkahler manifolds. Therefore dim H 2 '°(X) > 1 and dimP 2 '°(5') > 1. By 
the Kunneth formula dim H 2 '°(X x 5') > 2, which contradicts dim H 2 '°(Y) = I. 
□ 



3.5. Proposition 3^3 is a simple corollary of the results of [V5], where an anal- 
ogous statement was proved for not necessarily smooth trianalytic subvarieties 
X C y. For the convenience of the reader, we sketch here an alternative proof 
using the twistor spaces. 



Let / : X — > y be as in the statement of Proposition 3.3, and let tt : 
2) — > CP 1 be the twistor space of the hyperkahler manifold Y. The complex 
manifold Yj is embedded into 2) as the fiber over / G CP 1 . Moreover, as a 
smooth manifold, the twistor space 2) is canonically isomorphic to the product 
CP 1 x y . Therefore by Kunneth formula H' (2J, C) = H' (Y, C) ® £T (CP 1 , C). 

Let [/(X)] be the fundamental class of the complex subvariety f{Xj) C 2): 
and consider the Douady space S(%), [/(X)]) of subvarieties in 2) with funda- 
mental class [/(X)]. Since the projection it : 2) — > CP 1 is proper, for every 
analytic subvariety X s C 2) the image tt(X s ) C CP 1 is also an analytic subva- 
riety. Therefore it is either the whole CP 1 , or a union of several points. 

Every point s G 5(2), [/(X)]) in the Douady space corresponds to a subva- 
riety X s C 2). Since the variety 2) is proper over CP 1 , the subset 

5^(2), [/(*)]) C 5(2), [/(X)]) 

of points s G 5(2), [/(X)]) such that tt(X s ) = CP 1 is open in the Douady 
space 5(2), [/(X)]). Denote by 6 c 5(2), [/(X)]) the subset of points s G 
5(2), [/(X)]) such that the image 7r(X s ) C CP 1 of the corresponding sub- 
variety X s G 2) consists of a single point. The subset 6 C 5(2), [/(X)]) is 
obviously a union of connected components of the complement 5(2), [/(X)]) \ 
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S gen (%), lf(X))). Therefore it is closed in the Douady space 5(2), [/(X)]), hence 
also a complex variety. In order to prove that the Douady space 5 is hyperkahler, 
we will identify 6 with its twistor space. 

The correspondence s i— » ir(X s ) 6 CP 1 defines a holomorphic map tt : & — > 
CP 1 . Moreover, let J = vr(s) = ir(X s ) £ CP 1 , so that we have I.cYjC 2J. 
By the Kunneth formula, the fundamental class [X a ] £ P° (Yj) = H' (Y) in the 
cohomology of the fiber Yj coincides with the class of f(X) in the cohomology 
of Y. Therefore the fiber Sj = tt^ 1 (tt(s)) of the space 6 over the point J £ CP 1 
coincides with the Doaudy space of subvarieties of Yj with fundamental class 
[f(X)}. This applies, in particular, to the case / = J, so that 5/ coincides with 
the space 5. 

3.6. We first prove that the variety 6 is smooth and that the projection ir : 
& — » CP 1 is submersive at every point s £ &. 

Let X s C 2) be the subvariety corresponding to the point s. We have 



[X s ] = [f(X)]. By the Trianalyticity Criterion of [V3] this implies that the 



submanifold X s C Yj is trianalytic. Let f s : X s —> Yj be its normalization. By 



the Desingularization Theorem of [ V6 ] the map f s induces on X s the structure 
of a smooth hyperkahler manifold. Since the same applies to all deformations 
of X s C 2) as well, the local universal moduli space for deformations of the 
subvariety X s C 2) coincides with the local deformation space for the pair 
(X s , f s ) of the smooth manifold X s and the map f s : X s — > 2). 
Recall that we have a canonical short exact sequence 

► T(X S ) > /;(T(2j)) ► Af(f s ) > 



of holomorphic vector bundles on X s , where T(X S ) and T(2)) are tangent bun- 
dles, and Af(fs) is by definition the normal bundle to the map f s . By general 
deformation theory, the formal completion of the universal local moduli space 
for deformations of f s : X s — > 2) is isomorphic to the formal neighborhood of 
in the certain cone C s in the space H°(X s ,N(f s )) of global sections of the 
normal bundle Af(f s )- This cone is defined by the vanishing of the so-called 
Massey products ([J], 0]). In order to prove that the space 6 is smooth at 
s € ©, it suffices to prove that the Massey products vanish identically, so that 
the cone C s coincides with the whole space H°(X s ,Af(f s )). 

To prove this, we split the normal bundle A/"(/ s ) in two pieces in the following 
way. Since X s C Yj, we can consider the map f s : X s — > 2) as a map f s : 
X s -> Yj into the fiber Yj C 2) over the point J £ CP 1 . Let Af ± (f s ) be the 
normal bundle to f s : X s — > Yj, and let C H°(Af ± (f s )) be the Massey cone 
corresponding to deformations of f s : X s — > Yj inside the fiber Yj. 

The normal bundle N{f s ) splits canonically 

W.) = (c^p 1 ) ®^(/ s ) 

into the sum of two bundles. The first is the pullback to X s of the normal 
bundle to the fiber Yj C 2Ji which is isomorphic to the constant rank-1 bundle 
7T*Tj(CP 1 ) whose fiber is the tangent space T J (CP 1 ) to CP 1 at the point J. 
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The second is the normal bnndle J\f ± (f s ) to the map f s : X —> Yj. This 
splitting, in turn, induces a splitting 

H°(X s ,Af(f s )) = ^(IjyT^CP 1 )) (BH^X^^ifs)) 
= T J (CP 1 )®H°(X s ,M ± (f s )), 

and the cone C s lies in the product TXCP 1 ) x . 



Now, by the Trianalyticity Criterion of JV3[ ] (Theorem 2.6) the subvariety 
X s and all its deformations are trianalytic. Therefore the cone C s contains the 
direct product ^/(CP 1 ) x Cj~, hence coincides with it. This proves that the 
projection tt : & — > CP 1 is submersive at s G 6. 

In order to prove that the variety 6 is smooth at s G 6, it remains to prove 
that the Massey products on the normal bundle JV^-(X S ) vanish, so that the 
cone Cj- is the whole space H°{X Sl N i ~{f s )). This follows from the splitting of 
the canonical exact sequence 

> T(X S ) ► f* s {T{Yj)) ► A^(/ s ) ► 

(3.1) 



of holomorphic bundles on X s . This splitting was established in [VE]. As 



explained in [ V5], it follows from the fact that all these bundles are hypcrholo- 
morphic. 

3.7. Recall that a pseudo-Riemannian manifold is a manifold equipped with 
a nowhere degenerate symmetric 2-form in the tangent bundle, not necessarily 
positively defined. A pseudo-Kahler manifold is a complex manifold equipped 
with a pseudo-Riemannian structure (•, •), such that the complex structure op- 
erator / is orthogonal, and the corresponding skew-symmetric 2-form (•,/•) 
is closed. A pseudo-hyperkahler manifold is a pseudo-Riemannian manifold 
equipped with three complex structure, satisfying quaternion relations, which 
is pseudo-Kahler with respect to these complex structures. For every pseudo- 
hyperkahler manifold, one can define its twistor space, exactly as one does it 
for a hyperkahler manifold. 



3.8. By the general theory of twistor spaces developed in [HKLR|, to prove that 
6 is a twistor space for a pseudo-hyperkahler structure Ti. on S, it remains to 
prove the following. 

(a) There exists an antiholomorphic involution 6 — > S compatible with the 
antipodal involution on CP 1 . 

(b) For every point s G 6 there exists a real section 1 : CP 1 — > 6 of the 
projection tt : & — > CP 1 passing through s G S. 

(c) For every such section 's : CP 1 — > S the normal bundle A/"(s) is a sum of 
several copies of the bundle 0(1) on CP 1 . 

(d) There exists a relative C(2)-valued non-degenerate holomorphic 2-form on 
S over CP 1 . 
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Defined this way pseudo-hyperkahler structure H is unique. 
3.9. The involution required in (a) is induced by the canonical involution on the 
twistor space 2J . Indeed, this involution sends subvarieties into subvarieties and 
acts identically on the subspace H'(Yi,C) C H"(2J,C). Therefore it preserves 
the fundamental class [f(X)\ e iT(Y},C) c iT(2),C). 

The claim (b) follows from the fact that every deformation X s of the manifold 
X is trianalytic in its fiber Yj C 2) of the twistor projection it : 2J — > CP 1 . 
Indeed, to obtain such a real section, it suffices to take the twistor space / s : 
% s C 2J of the desingularization X s of the trianalytic submanifold X s and let 
s : CP 1 — ► & map a point J' € CP 1 into the point in 6 corresponding to the 
subvariety / s (7r _1 (J) F\X s ). 

The normal bundle A/"(s) to this real section coincides with the direct image 
7r*(7V(/ s )) of the normal bundle Af{f s ) to the map f s : X s — > 2). Therefore (c) 



follows from [V4]. Finally, under the identification 

AA(3) = tt, (AA(/ S )) 

the holomorphic 2-form required in (d) is induced by the canonical holomorphic 
2- form on the bundle Af(f s ), and it is non-degenerate by virtue of the splitting 
of the exact sequence (j3~l|). 

To prove that S is not only pseudo-hyperkahler but hyperkahler, we need to 
check some positivity conditions, which is easy. 



3.10. To finish the proof of Proposition 3.2, it remains to prove that the uni- 
versal family map X — > Y is an immersion and to construct a flat holomorphic 
connection on the fibration X — ► S. For this we refer the reader to ]V5[, noting 



only that the splitting of the exact sequence (3.1) is crucial for both these facts. 
□ 



4. Stratification by diagonals on a Hilbert scheme 

4.1. In order to proceed in our proof of Theorem |2.9| , we need to recall several 
facts on the geometry of Hilbert schemes Hilb of points on complex manifolds. 

Let M be a complex manifold of dimension k, and let M^ n > = M n /Y, n be the 
n-th symmetric power of the manifold M. By definition the Hilbert scheme 
of O-dimensional subschemes in M of length n maps into the space M^ n \ The 
map is proper. Its fibers are isomorphic to products of punctual 

Hilbert schemes of dimension-0 subschemes of C fe concentrated at 0. 

4.2. The variety is singular. However, it admits a canonical stratification 
with non-singular strata. The strata of this stratification are numbered by 
Young diagrams of length n, that is, sequences of positive integers k\ < k% < 
... < k\ such that kj = n. The stratum corresonding to a Young diagram 
A = (ki <...< ki) is by definition the subvariety in consisting of orbits 
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of points (ai, . . . , a n ) G M n such that 

ai = ai = . . . = a kl 
a kl +i = a kl+2 = . . . = a kl+k2 

afci+...+fe,_i+i = afe 1 +...+fc,_ 1 +2 = • • • = a n , 

(n) 

and neither of a kl , a kl + k2 , . . . , a n is equal to any other. Every stratum M A is 
smooth. It is isomorphic to the quotient 

(Mi x M 2 x • • • x Mi \ Diag) /E A , 

where Mi, ... , M; are Z copies of the manifold M, Diag C Mi x • • • x M; is the 
subset of diagonals, and £a C Sj is the subgroup in the symmetric group on I 
letters consisting of transpositions which fix the sequence A = (hi, fe, • • • , ki). 
We will call this canonical stratification on the variety the stratification 

by diagonals. 

4.3. The stratification by diagonals on the variety induces a stratification 
on the Hilbert scheme M'"'. The strata M^ 1 ' are no longer necessarily smooth. 
The fiber of the canonical proper map — ► M^> at a point (ai, . . . , a n ) e 

is isomorphic to the product of punctual Hilbert schemes of subschemes 
in M of lengths k\ , . . . , fc; concentrated at points a kl , . . . , a n e M. 

Denote by r\ : M l \ Diag — ► the canonical Galois covering with the 

Galois group Sa, and let 

M>]=Ml"lx MW (M'\Diag) 

be the pullback of the stratum of the Hilbert scheme Ml™' with respect to 
this covering. 

4.4. The variety M'"' admits a modular interpretation. Indeed, it is the moduli 
space of pairs 

I different points a\, . . . , a; € M 

For each i, 1 < i < Z, a subscheme C M of length ki concentrated 
at the point ai G M. 

This interpretation allows one to construct a canonical compactification of the 
moduli space M^ 1 '. Namely, it embeds as a dense open subset in the larger 
moduli space of pairs 

Z points oi, . . . , ai £ M, not necessarily different 
For each i, 1 < i < Z, a subscheme Z, C M of length ki concentrated 
at the point ai 6 M. 

(4.2) 
[„] 

This larger moduli space is compact. We denote it by M A . 
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4.5. Unfortunately, it seems that the canonical Galois covering 77 : M A — ► 

m]™ 1 C Ml"! does not extend to the compactification M A D M [ £ '• 

r n i 

However, the map 77 does extend to M A in a weaker sense. Recall that a 
meromorphic map f : X —■* Y from a complex variety X to a complex variety 
Y is by definition an analytic subvariety T C X xY such that for an open dense 
subset U C X the canonical projection 

rp|(f7 x Y) -» t/ 

is one-to-one. 

If the varieties X and V are algebraic, then every algebraic map / : U — > Y 
from an open dense subset U d X trivially extends to a meromorphic map 
X --■ » Y. However, for general complex varieties this is no longer true. 

Lemma. The projection rj : M^' — > M A ' extends to a meromorphic map rj : 
M^' --■> MM /rom ifte compactification M^' mto f/ie Hilbert scheme M'"'. 

Proof. Note that the lower arrow 77 : (M z \ Diag) — ► M^ 1 ' in the Cartesian 
square 

M™ —22— MN 

M' \ Diag 770 ) M<"), 
does extend to a holomorphic map 

n:M 1 ^ M (n) . 

Let M A be the fibered product given by the Cartesian square 

M A — ^ MM 

7T 

M ( — mw. 

Both varieties M A and M A ' are proper over the complex manifold M l . More- 
over, the preimage of the open subset (M ( \ Diag) C M l in each of these varieties 

is canonically isomorphic to the variety M A . 

Since by construction we have a map 77 : M A — > Af'"] , it suffices to prove that 

the embedding 1 : M A ' > M A extends to a meromorphic map 1 : M A ' --■» M A . 
In other words, we have to prove that 

• the closure graph 4 C M A ' x M A of the graph 

graph l C M A ' x M A C M A x M A 
of the embedding 1 : M A ' — M A is an analytic subvariety. 
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The statement (•) is obviously local on M l , therefore it suffices to prove it in 
a neighborhood of every point m £ M . Moreover, it is non-trivial only over a 
neighborhood of the subset of diagonals Diag C M l . By induction, it suffices to 
prove it over the neighborhood of the smallest diagonal M C M, or, in other 
words, over subsets of the form U l C M l for a neighborhood U C M of every 
point m £ M. 

But all the varieties and maps in (•) admit modular interpretations as Hilbert 
schemes of points on M with some additional conditions. Therefore everything 
in (•) is functorial with respect to open embeddings. Consequently, for every 
open subset U C M the statement (•) holds over U C M l if and only if it hold 
for U in place of M . 

It remains to notice that, since all complex manifolds of the same dimension 
k are locally isomorphic, the statement (•) holds for every one of them if and 
only if it holds for an arbitrary single manifold M. However, for the algebraic 
manifold M = C fe the statement (•) holds trivially. Therefore it must hold for 
every complex manifold M of dimension k. □ 



5. Stratification of the Kummer variety 

5.1. Everything said in the last section was valid for an arbitrary complex 



manifold M. The main result of this section, Lemma 5.5, is specific for the case 



of a complex torus. It is this result that makes the proof of Theorem 2.9 for the 



Kummer varieties much simpler than the proof of the analogous statement for 



K3 surfaces given in [V7] 



5.2. Let T be a complex torus. Let T^ n+ ' be the Hilbert scheme of 0-dimensi- 
onal subschemes of length n + 1 in the torus T, and let 

g[n] q rp[n+l] 

be the associated generalized Kummer variety. 

The summation map £ : T n+1 — > T factors through the symmetric power 
T {n+i) _> T Denote by C T( n+1 ) the preimage ST^O) C T(" +1 ) of the 

zero £ T. The canonical projection tt : T^- n+1 ^ — ■> r^+i) commutes with the 
summation map and defines therefore a proper map n : K\ n ^ —> K^ n \ 

5.3. The stratification by diagonals on the variety T^ n+1 ^ induces a stratification 
on the varieties and K^. For every Young diagram A of length n + 1, 
denote by 

K H =T [n+l]^ K [n] c r [n+l] 

the corresponding strata of this stratification. 

The canonical Galois covering r\ : (T l \ Diag) — > x^ n+1 ) a l so commutes with 
the summation map. Therefore it defines a Galois covering 
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where Tq c T l is the kernel of the summation map £ : T l — > T. Let 

be the pullback variety. The summation map £ : — > T extends to the 

compactification T^ +1 ' D X^ i+1 ', which gives a compactification 



5.4. Lemma 4.5 immediately implies that the map rj : K A — > extends to 

a meromorphic map 7/ : --■> i^™'. Wc will need the following corollary of 
this lemma. 

Corollary. Let X C if oe an analytic subset. If the closure X C is an 

r n i 

analytic subset in the variety K A , then the closure 



t}(X) C 

of the image rj(X) C K<- n ' is also an analytic subvariety. 

Proof. Indeed, since the meromorphic map rj : — ► ifW is given by a proper 
correspondence, the direct image rj(X) C Jf^ is an analytic subvariety. The 
closure n(X) C is a union of irreducible components of the subvariety rj(X). 

□ 

5.5. For any integer I > 2, denote by i*) the punctual Hilbert scheme of length I, 
that is, the moduli space of O-dimensional subschemes in C k of length I concen- 
trated at 0. For any Young diagram A = (hi < ■ ■ ■ < ki) let Fa = F^ x • ■ ■ x 
be the product of / such Hilbert schemes of lengths kx, ■ ■ ■ ,h- The main result 
of this section is the following. 

Lemma. There exists a direct product decomposition 

K [ l ] = F A x T l Q . (5.1) 



7T?[n+l] • 



Proof. Recall that the variety T A is the moduli space of data (4.2). The 
group T l acts on these data by left translations, which induces a T'-action on 

the moduli space T A l+ ^- This action is free and gives a decomposition 

T [ 2 +1] -F A xT l . 

This decomposition is compatible with the summation map and induces the 
desired decomposition fl5.l| ). □ 
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6. Subvarieties of a stratum 

6.1. Up to this point we did not need any facts on the torus T except for 
its group structure. From now on, assume that the complex torus T is 2- 
dimensional and equipped with a hyperkahler structure. Moreover, assume 
that the complex structure on T is Mumford-Tate generic with respect to this 



hyperkahler structure in the sense of 2.8 , In particular, there are no analytic 



subvarieties in T except for T itself and unions of its points. 

Since dimT = 2, the Hilbert scheme Tl" +1 l and the Kummer variety 

K [n] 

are smooth. The hyperkahler structure on the torus T induces a natural holo- 
morphic symplectic structure on the associated Kummer variety K^ n \ Fix once 
and for all a hyperkahler structure on compatible with the canonical holo- 
morphic symplectic form. 

6.2. The hyperkahler structure on the torus T induces a canonical hyperkahler 
structure on the powers T l of T. The first consequence of the genericity of the 
hyperkahler structure on the torus T is the following. 

Lemma. Every analytic subvariety X C T l is trianalytic. 



Proof. By the Trianalyticity Criterion of [ V3] it suffices to prove that the funda- 
mental class [X] £ H' (T l ,C) is invariant under the canonical 5E/(2)-action. But 
since T is Mumford-Tate generic, every Hodge cohomology class in H'(T,C) 
is Si7(2)-invariaiit. □ 
6.3. Applying the theory of trianalytic subvarieties developed in we get 

the following stronger statement. 

Lemma. Let X C T l be an analytic subvariety, and denote by 

vr : C 2 ' -► T l 

the universal covering map. 

Then every irreducible component of the variety X is a complex torus isoge- 
nous to a power of T . Moreover, the subvariety X C T l is of the form tt(V), 
where V C C 2 ' is a union of hyperplanes. 



Proof. Indeed, since the subvariety X C T l is trianalytic by Lemma 3.2, then 
so is the subvariety tt^ 1 (X) C C 2/ . By [V5], Corollary 5.4, every trianalytic 



subvariety in a hyperkahler manifold is totally geodesic. A totally geodesic 
subvariety in a flat manifold is a union of hyperplanes. □ 
6.4. Let now X C be an analytic subvariety which is trianalytic with 

respect to the chosen hyperkahler structure on the Kummer variety K^. Say 
that the subvariety X generically lies in the stratum C if 

(a) X lies in the closure of the stratum C K\ n \ and 

(b) the intersection X n C X is a dense open subset. 
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Every irreducible subvariety X C K *- n ' obviously lies generically in one and only 
one stratum of the stratification by diagonals. 

6.5. In order to apply the genericity of the hyperkahler structure on T to the 
study of the subvariety X C KM , we first prove the following. 

Lemma. Assume that the trianalytic subvariety X C KM~ lies generically in 
the stratum K A , and let it : K\ n ^ — > be the canonical proper map. Then 

the induced projection tt : X — » tt(X) is finite and etale over an open dense 
subset U C 7r(X). 

Proof. It suffices to take U C n(X)r\K$ and such that 7r _1 (L/) C X is smooth. 
Then the hyperkahler structure on KM induces a hyperkahler structure on 
7r _1 (J7). Therefore the restriction „--i([/) to 7r _1 (C7) of the canonical holo- 
morphic 2-form tt on KM~ associated to the hyperkahler structure must be 
non-degenerate. 

On the other hand, the canonical holomorphic 2-form associated to the hy- 
perkahler structure on the torus T gives a holomorphic 2-form on the variety 
Tq. This form is invariant with respect to the action of the group Sa on Tq. 
Therefore it induces a holomorphic 2-form tt on the smooth complex manifold 
^(n) _ pj,i ^ Dj a g^ x yj A _ gy assumption the subvariety 7r _1 ([/) C K^ is 



smooth, therefore by [V7|, Proposition 4.5, we have 



^ r*— !([/) = 7r *^ \u ■ 



Since this form is non-degenerate, the projection tt : U — > tt(U) C K A must be 
unramified. Since it is proper, it must therefore, indeed, be finite and etale. □ 
6.6. Let now X C K M be an irreducible trianalytic subvariety which lies gener- 



ically in the stratum K A C KM. By the Desingularization Theorem of [V6| 
the normalization X of the variety X is smooth, and the normalization map 
v : X — > X KM~ is an immersion which induces on X a hyperkahler struc- 
ture. 



Choose a dense open subset U C n(X) as in Lemma 6.5, and let 

u = v- 1 (xfjTr- 1 ^)) ci 



be its preimage in X. Moreover, consider the pullback U x h K A of the 

A 

variety U — > K^ A with respect to the canonical Galois covering rj : K^ A — > K^ A , 
and let U be any one of its irreducible components. 

Recall that by assumption the subvariety I C if'"' is irreducible. Therefore 
both its normalization X and the open dense subset U C X are irreducible, 
which implies that r](U) C K A C K^ is dense in the analytic subvariety 
XdK [n] . 

6.7. By definition the variety U is equi pped with a canonical map p :U — > K A K 



Under the product decomposition (5.1) the map p decomposes p = pr X Pf into 
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a product of a holomorphic map 

Pt:U ^T l Q \ Diag 

and a holomorphic map 

p P :U-> F A . 



Moreover, by Lemma 6.5 the first factor pt : U — > Tg\Diag in this decomposition 



is etale onto its image. The main result of this section is the following. 

Proposition. The canonical map pf ■ U — > -Fa is a projection onto a single 
point o G -Fa ■ 

Proof. Let U C be the closure of the subvariety U C in the compacti- 
r n ] 

fication K A . This closure is an analytic subvariety. Indeed, since the manifold 
j{l n ] i s proper, the preimage rj~ 1 (X) C K A l of the subvariety X C un- 
der the meromorphic map rj : — - » is an analytic subvariety. Since 
the variety U is irreducible, its closure U C K A coincides with an irreducible 
component of the subvariety ■n~ 1 (X) C . 

Assume that the projection pp ■ U — > Fa does not map U C U to a single 
point. Since [/ is irreducible, this implies that pf(U) C Pt{U) C F] is a variety 
of positive dimension. But the punctual Hilbert scheme Fa is projective. Thus 
we can take the preimage of the appropriate hyperplane section in FJ and obtain 
an analytic subvariety D C U such that the intersection D n U C U is a non- 
trivial subvariety of codimension 1. 

Since the projection px ■ U —> Tq is proper, the image pr(U) C Tq is an 
analytic subvariety in the torus Tq. The image pr{D) C pr(U) is also analytic. 
Moreover, the map pr '■ U —> Pt(U) is finite. Therefore the intersection pr{D)P\ 
Pt{U) C Pt{U) is a subvariety of codimension 1. Since its closure 



D = p T {D) C\ PT {U) d p T {U) 

is a union of irreducible components of the analytic subvariety pt(D) C pt(U), 
it is also an analytic sub variety, and its codimension is exactly 1. 

Now , by Lemma |6.2| the subvariety p(U) C Tg is trianalytic. Therefore by 
Lemma p.3| every one of its irreducible components is a complex torus isogenous 
to a power of the torus T. Since the torus T is Mumford-Tate generic in the 



sense of 2.8, all its analytic subvarieties are even-dimensional, and the same is 
true for its powers T l . This contradicts the existense of D C p{U) and proves 
the proposition. □ 



7. Proof of the main theorem 

7.1. We can now prove Theorem |2.9| . Let X C be an analytic subvariety 
in the Kummer variety which is trianalytic with respect to the chosen 
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hyperkahler structure on K™. Assume that dim X > 0. We have to show that 
X = #H 



By Proposition 3.1 we can assume that the subvariety X C K*- n ' is rigid. 
Assume also, by induction, that every trianalytic subvariety Y C K^ 71 ' with 
dimY" > dimX coincides with the whole Kummer variety K^. Let A be the 
Young diagram of length n + 1 such that the subvariety X generically lies in the 
stratum of the diagononal stratification. 

7.2. Assume first that A is not the diagram (1, 1, . . . ,1), so that the stratum 
F^' C if^ is not the maximal one, and the dimension of the punctual Hilbert 
scheme Fa is positive. Let the dense open subset U C X n F^' and the etale 



covering U — > U be as in 5.6. The map U — > U C F^l factors through the 



quotient map 77 : K A — ► K A by means of a map 

p = p F x p T : U -» F A x (T^ \ Diag) = x| 



and by Proposition 6.7 the map pp : U — > Fa factors through a projection to a 
single point o G Fa- 

7.3. Let a G Fa be any other point, and consider the subvariety 
U a = r l ((axp T ) (p)) CK™. 

We claim the following. 

Lemma. The closure U a C is a trianalytic subvariety in the Kummer 

variety FN. 

Proof. We first prove that the subset U a C F^ is analytic. Indeed, as es- 



tablished in the proof of Proposition 6.7, the closure U C Tq of the sub- 
set pr(U) C Tq \ Diag C Fq is an analytic subvariety. Thus the closure in 
F W = F A x F,5 of the subset 

(a x PT ) (fj) = {a} x p T (tf) C F A x (Fq \ Diag) , 
being equal to {a} x U C Fa x Fq, is also analytic. Therefore U a C is 



analytic by Corollary 5.4 of Lemma 4.5. 

Now, for every cohomology class a G H' (K^ n \C) consider the Poincare 
pairing (a,[U a ]) between a and the fundamental class [U a ] G H'(K^ n \C) of 
the analytic subvariety U a C FjN, This pairing coincides with the integral of a 
certain C°° differential form uj a over the dense open subset U a C U a . The map 
T] o (a x py) : J7 — > f/ a is finite, say, of degree m a , and we have 

m a {a, \U a ])=m a u a = I (770 (a x p T ))* u a . 
Ju a Ju 

The right-hand side obviously depends continuously on the point a G Fa . Since 
the Poincare pairing is non-degenerate, this implies that the function 

a^m a [U a ] GF'(F["],C) 
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is continuous on the punctual Hilbert scheme Fa- Since it takes values inside 
the integral lattice H'(K^ n \Z) C H'(K^ n \C), it must be locally constant. 



Moreover, the punctual Hilbert scheme Fa is connected and irreducible by [Br 
Therefore this function is constant on Fa- Thus 



[U a ] = ^[U u ] = ^[X] e H-(K^,C), 
m a m a 

and the subvariety U a C is trianalytic by the Trianalyticity Criterion of 



[|V3f (Theorem p. 6[). □ 
7.4. Since by assumption dim Fa > 0, this lemma implies that there exist a 
continuum of trianalytic subvarieties in the Kummer variety . They all have 
the same fundamental class. Moreover, by our assumption on the maximality 



of the dimension dim X and by Proposition 3.1, all these subvarieties are rigid 



But the Douady moduli space of subvarieties of the manifold with fixed 



fundamental class is compact ([Ft;], ||J). In particular, there exists at most a 
finite number of rigid subvarieties, which is a contradiction. 
Remark. The family of subvarieties U a C K A obviously depends holomorphi- 
cally on the point a G Fa ■ A finer argument should produce directly a structure 
of a holomorphic family on the set of subvarieties U a C K^ n \ thus avoiding refer- 
ences to the Compactness Theorem and to the cardinality argument. However, 
it is not immediately clear how to prove that taking closure preserves, at least 
generically, the holomorphic dependence on the parameter a. 
7.5. We have proved that the trianalytic subvariety X C K*- n ' must necessarily 
lie generically in the maximal stratum 

K [n] R [n] 

in the stratification by diagonals of the Kummer variety K^ n \ To simplify 
notation, we will write K g n ) n instead of K j™' ^ . The stratum if|™L is open and 

dense in K^ n \ and the map n : 

K [n] ^ R {n) 

is one-to-one on Kge n C K^ n \ 

In] 

Let U C X n Kg en be a smooth open dense subset in the subvariety X. Let 
U = ir 1 (U)cKW n =TZ+ 1 \D\Bg 

be the preimage of the subset U C K g n } n under the Galois covering r] : K g n ) n — > 
K g n ) n , and let 

U c Tq +1 

be its closure in the complex torus Tj i+1 . By the same argument as in the proof 



of Lemma 7.3, the subset U C T^ +1 is a trianalytic subvariety. Therefore by 
Lemma p. 3 it is an image of a union of hyperplanes in the universal covering 



•>2n > rpn 



7.6. We finish the proof by repeating the argument used in the case of a non- 
generic stratum K A . Namely, if dim X < 2n, applying linear translation to this 
union of hyperplanes gives a continuous family U a C K gen of different subva- 
rieties in K gen . This family contains U as U a for some value of the parameter 
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a. As in the non-generic case, for every a the closure U a C is an analytic 
subvariety with the same fundamental class as X C K<- n >. These subvarieties 
are all rigid, which, is impossible since the Douady space is compact. Therefore 
we must have dim X — 2n, or, in other words, X = ifW. This finishes the proof 
of Theorem EO. □ 
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